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I. INTRODUCTION
A Yukawa system is a system of point-like charged particles immersed in a neutralizing background. Usually it is assumed that all these particles are identical and have the electric charge −Ze and mass M , where e is the electron charge absolute value. The background in the Yukawa systems is non-uniform and can be described by the inverse screening length κ. For instance, if the background consists of electrons, κ ≡ 4πe 2 ∂n e /∂µ e , where n e and µ e are electron mean number density and chemical potential, respectively. Systems with a uniform background are called a Coulomb systems. These systems are widely used in various branches of physics.
It is believed that the matter in degenerate stars, namely in white dwarf cores and neutron star crusts at not too low densities, consists of atomic nuclei (ions) immersed into neutralizing background of electrons [1] . As a star cools, ions crystallize (e.g., [2, 3] ). According to Ref. [4] , this crystallization process has been inferred from observations of oscillations of a white dwarf. While observations of transients indicate that the neutron star crust is solid [5] [6] [7] . In degenerate stars electrons are mostly strongly degenerate and can be characterized by the Thomas-Fermi (TF) wavevector κ TF ≈ 0.185Z
r , where x r ≡ p F /(m e c) is the electron relativity parameter, p F is the electron Fermi momentum and m e is the electron mass (e.g., [8] ). Notice that the ordered structures can form in red giants and brown dwarfs [9] .
Yukawa systems are also widely used in the dusty plasma physics (e.g., [10] ). In the simplest model the dusty plasmas consists of charged dust grains and the background which is formed by nondegenerate ions and electrons (here we follow the model which was developed in [11, 12] ). For nondegenerate electrons ∂n e /∂µ e = * kozhberov@gmail.com n e /(k B T ) and similarly for ions. Hence, in this situation κ is the inverse Debye (D) length:
, where Z i and n i are the charge number and mean number density of background ions, T is the temperature of the system (the temperature of background ions is taken equal to the temperature of dust particles) and k B is the Boltzmann constant.
Both such different systems can be described by a simple model called Yukawa crystal: point-like charged particles arranged into a lattice and the neutralizing background characterized by parameter κ. In this paper for the first time we show that results of molecular dynamic simulations of Yukawa crystals [13, 14] can be verified by the theoretical model which was developed in [8] for the degenerate stars (in [8] they are called "Coulomb crystals with polarizable background").
In [8] and [14] only the body-centred cubic (bcc) and face-centred cubic (fcc) lattices were considered. As well as in some other theoretical parers (e.g., [15] [16] [17] [18] ) which by different approachers qualitatively or/and quantitatively prove results of simulations from [14] . The 3D hexagonal Yukawa crystals were never studied by molecular-dynamic simulations as it was done in [14] for the bcc and fcc lattices. On the other hand, it is known that the ground state of 2D crystals has the hexagonal symmetry (e.g., [19] ). Also the laboratory experiments (in many experiments dusty plasma are not a bulk 3D system because of the presence of different forces such as gravity, "shadow forces", thermal forces and some others and can not be described by the model of Yukawa crystal) show that the strongly coupled dusty plasma forms a complicated crystal structure (e.g., [10, [20] [21] [22] [23] [24] [25] ). Analysis of experiments carried out onboard International Space Station under microgravity conditions shows that plasma crystals have a structure which contains numerous bcc, fcc, and hexagonal close-packed (hcp) clusters with the prevailing contribution of the latter two [26, 27] . The similar results give different computer simulations (e.g., [28] [29] [30] ). Hence a formation of the hexagonal Yukawa crystals is quite probable.
Despite the interest to the dusty systems the structural diagram of Yukawa crystals have received relatively little attention. The transition between the bcc and fcc lattices was firstly obtained from molecular-dynamic simulations in Ref. [31] , developed in Ref. [14] and later was only proved in a few papers (e.g., [16] ). Transitions between other lattices have not been ever considered and the structural diagram has not been studied analytically. In the present work we study properties of the hcp Yukawa crystal. In the harmonic lattice approximation we calculate its total potential energy as a sum of electrostatic energy, energy of zero-point vibration, and phonon free energy. This total potential energy is used to study the structural transitions between the hcp and cubic (bcc and fcc) lattices in dusty plasmas. One of the advantages of the harmonic lattice approximation is ability to take into account the low-temperature effects where numerical simulations are difficult to provide. The importance of high-order corrections to the charge density is also discussed.
II. ELECTROSTATIC ENERGY
Yukawa crystals were investigated in [12] via molecular dynamics simulations in a cubical domain with the side length L and periodic boundary conditions. Its volume is V ≡ L 3 and N is the number of charged point-like particles in the crystal. The total potential energy U of such systems is given by (equation (29) from [12] )
is the mean number density of charged point-like particles. According to the electroneutrality condition, Zn = Z i n i − n e . The position of an jth particle in the crystal is given by radius vector r j = X j + u j , where X j is the particle equilibrium position and u j is the displacement. Equation (1) was obtained from the Poisson's equation
where the charge density
where
In this approach, the variation of the potential Ψ(r) over V should be much smaller than the thermal energy. The next order correction to the charge density is proportional κ U M can be found analytically at fixed n and L → ∞. Using the Ewald transformation, it is possible to derive a rapidly converging expression for the Madelung energy of the Yukawa lattice [8] :
is the Wigner-Seitz radius. Parameter A is chosen in such way that the summation over direct and reciprocal lattice vectors converge equally rapidly. For lattices in consideration, Aa ≈ 2. Parameter ζ is called the Madelung constant. It depends on the type of the lattice and κa. Equation (6) for U M has the same form for κ D and κ TF . For this reason the subscript in κ is omitted.
For lattices with N cell = 1 equation (6) was derived in [8] and was used for the bcc and fcc lattices. For lattices with N cell > 1, the expression for U M is given here for the first time. In [13] electrostatic energy was calculated from the molecular dynamics simulations as a limiting value of U at T → 0. Madelung constants for the bcc lattice obtained in [13] are given in Tab. I as ζ HF . Our results based on Eq. (6) are given as ζ in Tab. I. For the bcc lattice they coincide with the results of [13] and [31] , but more significant digits are given. For the fcc lattice both calculations are also consistent. Equation (6) allows to calculate the Madelung energy for any lattice much more accurate and fast than molecular dynamics simulations.
Usually (e.g., [32] ), for the hcp lattice the distance between hexagonal layers h in the elementary cell is assumed to be h 0 ≡ 8/3a lat ≈ 1.632993a lat , where a lat is the lattice constant. This value comes from the problem of close-packing of equal spheres. However in Yukawa crystals charged particles are point-like and it is not obvious that the electrostatic energy of the hcp lattice achieves minimum at h = h 0 in this case. It is more correct to consider the hcp lattice with h = h min that cor- responds to the minimum of U M . h min values obtained for several κa are also presented in Tab. I. At κa = 0 (uniform background) the Madelung energy of the hcp lattice reaches minimum at h min ≈ 1.635639a lat > h 0 . The similar situation is found at 0 < κa < 5: h min /a lat is always slightly greater than 8/3 and decreases when κa increases. This small difference does not lead to significant change of U M . In Tab. I, ζ min corresponds to the minimum of the Madelung energy while ζ corresponds to the energy at h = h 0 . Previously such investigations were performed by Nagai and Fukuyama in [33] but for the Coulomb crystal only (κa = 0). They obtained h min = 1.633a lat and suggested that h min = 8/3a lat .
In addition to the hcp lattice, we considered another lattice with the hexagonal symmetry. We call it the "MgB 2 lattice" because it is the lattice of magnesium diboride under terrestrial conditions (space group P6/mmm). The MgB 2 lattice is a sequence of layers of magnesium and boron. The distance between adjacent layers is h/2, while a lat is the distance between nearest magnesium ions in the layer. Number of ions in the elementary cell is N cell = 3. Here we consider only the one-component Yukawa MgB 2 lattice formed by identical charged particles. Parameter h is not fixed and is determined by the minimum of the Madelung energy. There is no experimental evidence that the MgB 2 lattice forms in Yukawa systems. However, this lattice possesses the forth smallest constant Madelung constant after the bcc, fcc, and hcp lattices (among known in the literature [34, 35] ). At κa = 0, the Madelung constant of the onecomponent MgB 2 lattice is equal to −0.894505630008. In the MgB 2 lattice h min slightly depends on κa (see Tab. I). As in the hcp lattice, this dependence does not affect the computations noticeably and can be neglected. Further we consider that h = 8/3a lat in the hcp lattice and h ≈ 0.593936a lat in the MgB 2 lattice. Notice that the hexagonal lattice is not discussed because it is not stable in the harmonic lattice approximation [35] while possibility of formation this lattice was indicated in [36] .
Madelung constants of the hcp and MgB 2 lattices are always larger than the Madelung constant of the fcc lattice (see Tab. I). At κa < 1.065714 the bcc lattice has the lowest U M among all lattices in consideration while at κa > 1.065714 the fcc lattice has the lowest U M . This result agrees with Ref. [13] . In [13] the electrostatic energy of the bcc Yukawa lattice was obtained by molecular dynamic simulations and fitted for κa < 1 by a polynomial (Eq. (15) from Ref. [13] ). Our investigations allow to improve this approximation. Equation for the electrostatic energy at small κa can be obtained analytically from the expansion of Eq. (6). It is clear to see from Eq. (6) that this approximation should contain only even powers of κa. While fit from Ref. [13] keeps all powers. 
This equation represents U M with an accuracy of eight significant digit for κa < 0.5. The similar equation can be written for the fcc, hcp, and MgB 2 lattices:
where parameters ζ i are given in Tab. II. Equation (1) gives the correct expression for the terms in the potential energy proportional to (κa) 0 and (κa) 2 . Corrections to the charge density of the order of (κa) 4 make same order changes to the potential energy. At the same time the differences between the energies are extremely small and corrections of the order of (κa) 4 and higher can radically change the structural diagram of the Yukawa crystals. The importance of these corrections is easy to illustrate by comparison of the two first terms in Eq. (8) . Let us denote the reduced electrostatic energy as
Retention of only two first terms in U M leads to transformations of structural transitions. Indeed, at low κa the lowest U M2 has the bcc lattice, at 0.93715 < κa < 1.58301 the fcc lattice, at 1.58301 < κa < 2.21838 the hcp lattice, and at κa > 2.21838 the MgB 2 lattice.
III. ZERO-POINT ENERGY
Point-like charged particles in the crystal are not fixed and actually oscillate around their equilibrium positions even at T = 0 due to the quantum zero point vibrations. Frequencies of these oscillations, ω ν , can be found from the dispersion equation
where indices α and β denote Cartesian components, p and p ′ run over the charged point-like particles in the elementary cell, ν enumerates the oscillation modes (ν = 1, . . . , 3N cell ) at a given wavevector k and D αβ pp ′ (k) is the dynamic matrix. The dynamic matrix of the Yukawa crystal with N cell = 1 was derived in [8] . Equation for the dynamic matrix with arbitrary N cell is given by Eq. (A1) from [37] where the phonon properties were discussed in detail. It is instructive to compare the phonon spectrum obtained in [37] with results of molecular-dynamic simulations directly and it will be done separately. Here we consider only the averaged over the volume phonon properties.
The dispersion equation (10) allows to calculate the phonon spectrum at any wavevector k. Due to the periodicity of the crystal lattice it is sufficient to calculate ω ν (k) only in the first Brillouin zone. Let us define the average of any function f (ω) of phonon frequencies over the volume of the first Brillouin zone
Then the zero-point energy of the crystal is
where u 1 = ω/ω p is the first frequency moment, ω p = 4πnZ 2 e 2 /M is the plasma frequency, is the Plank constant.
In the Yukawa crystal, u 1 depends on the lattice type and κa. In [8] the first moments of the bcc and fcc lattices were investigated and approximated for κa ≪ 1. The u 1 value of the hcp lattice is considered here for the first time. The one-component MgB 2 lattice is found to be unstable. At some k, modes with ω 2 ν (k) < 0 appear in its phonon spectrum. Therefore the phonon properties of the one-component MgB 2 lattice were not considered. It is interesting to note that at κa = 0 the MgB 2 lattice with two different ions in the elementary cell (their charges are Z 1 and Z 2 = Z 1 ) is stable at some values of h and Z 2 /Z 1 . The bcc lattice is unstable at κa > 4.76 in accordance with previous studies [31] . The fcc and hcp lattices are stable until κa = 5 and we did not study these lattices at higher κa. holds for any value of κa ≥ 0. In other words, the bcc lattice possesses the smallest zeropoint energy at any κa.
At T = 0, the total energy of the Yukawa crystal is
where T p = ω p is the plasma temperature. At T = 0, the total energy is a function of two parameters, κa and Γ p ≡ Z 2 e 2 /(a ω p ). In Fig. 2 we plot the dependence of Γ p on κa for which the total energy of the bcc lattice (U bcc 0 ) is equal to the total energy of the fcc lattice (U fcc 0 ). Above this curve, the energy of the fcc lattice is smaller than the energy of the fcc lattice. At Γ p → ∞ the energy of the zero-point vibrations can be neglected and κa tends to 1.066.
The dynamic matrix of the Yukawa crystals was derived from the same equation for the potential energy as the electrostatic energy, therefore U M and E 0 have similar precision. At the same time, |u 
IV. THERMAL CONTRIBUTION TO THE POTENTIAL ENERGY
The phonon thermal contribution F th to the total potential energy (thermal free energy) is equal to
where w ≡ ω ν (k)/T (e.g., [32] ). For the bcc Yukawa lattice it was considered in [8] . Here we extend this study to other lattice types. In Fig. 3 we plot ratios F For crystals with the uniform background (κa = 0) these ratios were discussed in [38] . Figure 3 shows that phonon thermodynamic properties of different lattices at fixed κa and t may vary from each other by tens of per cent.
V. TOTAL POTENTIAL ENERGY
In the harmonic approximation the total potential energy U (which better be called "free energy" but we use the same notation as in [14] ) at any T consists of three parts: the electrostatic (Madelung) energy U M , the zeropoint energy E 0 and the thermal contribution F th . At T 5 × 10 −3 T p , the thermal contribution does not play a noticeable role and can be neglected. At these low temperatures it is enough to use Eq. (13) .
At high temperatures (T ≫ T p )
where u ln = ln (ω/ω p ) . At κa = 0, u 
where Γ ≡ Z 2 e 2 /(aT ) = Γ p /t is the Coulomb coupling parameter. Hence, at high temperatures, the difference between the total potential energy of different lattices is independent of t and can be considered as a function of Γ and κa only.
Structural transition curve between the bcc and fcc lattices at T ≫ T p is plotted in Fig. 4 . The solid line shows the result of our analytical calculations. It is similar to Fig. 2 , but now the high-temperature limit is used. In the harmonic approximation U bcc = U fcc at
Γ b is given in Tab. III for several κa. Values of Γ b obtained from the molecular dynamic simulations in [14] are shown with points in Fig. 4 and given in the Γ small. At higher κa the discrepancy between our results and those of [14] can be explained by the absence of anharmonic corrections in our calculations. Analytically the first-order anharmonic correction to the energy of the Coulomb crystal was calculated in Ref. [39] and for crystals with κa > 0 have never been considered. In Ref. [14] corrections was approximated from numerical results as . The remaining differences, especially at κa = 1.2 and κa = 1.4, can be explained by the insufficient accuracy of previous computations. Near κa = 1.066, Γ b grows very fast, so high-precision calculations are needed.
The total energy of the hcp lattice is always higher than the total energy of the fcc lattice, but the transition between the bcc and hcp lattices can occur. It is plotted in Fig. 5 . Typical values of Γ b for this transition are order of magnitude higher that the typical values of Γ b for the bcc-fcc transition and for the phase transition between solid and liquid. U bcc < U hcp at any Γ if κa < 1.30720. In contrast to classical molecular dynamic simulations, the harmonic approximation allows to calculate the total energy of Yukawa crystals at T T p . At such T , precise calculations of F th should be used. According to Eq. (14) , the difference between the energies of the lattices is a function of κa, t, and Γ. In Fig. 6 we plot the dependence of Γ b on κa for t = 10, t = 0.05, t = 0.01, and t = 0.003. The solid curve for t = 10 coincides with the solid curve in Fig. 4 . A decrease of temperature leads to increase in Γ b . At low temperatures, the thermal contribution can be neglected and Γ b ∝ 1/t.
FIG. 6. Phase diagram of Yukawa systems at different T Tp.
Squares are results of molecular-dynamic simulations from [14] , lines are results of the harmonic lattice approximation.
VI. CONCLUSIONS
The model of a crystal formed by point-like ions in the polarized electron background is widely used in the theory of neutron stars and white dwarfs (e.g., [8] ). It turns out that this model is similar to the model of dusty strongly-coupled Yukawa crystal (e.g., [12] ). It is shown that the electrostatic energy in both models is describing by the same analytical equation.
The electrostatic and thermodynamical properties of Yukawa crystals at T ≫ T p were widely investigated in [11] [12] [13] [14] by molecular dynamic simulations. In this paper we used the harmonic lattice approximation to calculate the total potential energy of such crystals and to verify results from Ref. [14] independently. In the harmonic approximation the total potential energy is a sum of electrostatic (Madelung), zero-point, and thermal free energies where the latter two contributions can be obtained from the phonon spectrum of the lattice. This approximation is successfully used to study the properties of crystals far from the melting point. Therefore at κa < 2 structural transition between the bcc and fcc lattices, which was obtained from molecular dynamic simulations in Ref. [14] , is analytically proved by our model (at T ≫ T p structural transition between lattices depends on κa and Γ). At higher κa structural transition between the bcc and fcc lattices takes place near the melting curve (transition between the bcc lattice and the Yukawa liquid), where the anharmonic correct ions are needed to take into account.
Analytical harmonic calculations allow to consider other Yukawa lattices which have never been studied previously. In addition to the bcc and fcc we considered the hcp and MgB 2 lattices. It was shown that the MgB 2 lattice is unstable. While the total potential energy of the hcp lattice is always greater than the total potential energy of the fcc lattice so the new structural transition does not appear. Note that the difference between the energies of the bcc and fcc lattices is too small and next order corrections to the charge density can in principle lead to appearance the new transition.
Harmonic model allows to consider low-temperature effects which are difficult to examine by numerical simulations. At T T p the total potential energy depends on κa, Γ, and t.
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